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Abstract. It is shown that any transverse invariant measure of a foliated 
space can be considered as a measure on the ambient space. 



1. Introduction 

Transverse invariant measures of foliated spaces play an important role in the 
study of their transverse dynamics. They are measures on transversals invariant by 
holonomy transformations. There are many interpretations of transverse invariant 
measures; in particular, they can be extended to generalized transversals, which 
are defined as Borel sets that meet each leaf in a countable set [I]. Here, we show 
that indeed invariant measures can be extended to the c-algebra of all Borel sets 
becoming an "ambient" measure (a measure on the ambient space). Precisely, the 
following result is proved. 

Theorem 1.1. Let X be a foliated space with a transverse invariant measure A. 
There exists a Borel measure A on X such that A(T) = A(T) for all generalized 
transversal T. 

This A is constructed as a "pairing" of the transverse invariant measure A with 
the counting measure on the leaves. Connes has proved that this pairing is coherent 
for generalized transversals but it can not be directly extended to any Borel set since 
the local projection of a Borel set is not necessarily a Borel set [5J[7]- The solution 
of this problem is the main difficulty of the proof. In fact, this result is proved in 
the more general setting of foliated measurable spaces [TJ [5] . The uniqueness of this 
extension is also discussed. 

The extension A will be used in study of the concept of A-LS category, which 
will appear elsewhere. 

2. Foliated measurable spaces 

A Polish space is a completely metrizable and separable topological space. A 
standard Borel space is a measurable space isomorphic to a Borel subset of a Pol- 
ish space. A measurable topological space or MT-space X is a set equipped with 
a (T-algebra and a topology. Usually, measure theoretic concepts will refer to the 
er-algebra of X, and topological concepts will refer to its topology. Notice that the 
er-algebra does not necessarily agree with the Borel ex-algebra associated with the 
topology. An MT-map between MT-spaces is a measurable continuous map. An 
MT -isomorphism is a map which is a measurable isomorphism and a homeomor- 
phism, simultaneously. 

Let T be a standard Borel space. On T x R n , we consider the er-algebra generated 
by products of Borel subsets of T and K", and the product of the discrete topology 
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on T and the Euclidean topology on R™ . T x R™ will be endowed with the structure 
of MT-spacc defined by this er-algebra and this topology. 

A foliated measurable chart on A is an MT-isomorphism tp : U — >• T x R n , 
where U is open and measurable in A. A foliated measurable atlas on A is a 
countable family of foliated measurable charts whose domains cover A. The sets 
<^ _1 ({*} x R") are the plaques of the foliated chart ip and the sets </? _1 (T x {*}) are 
called transversals induced by ip. A foliated measurable space is an MT-space that 
admits a foliated measurable atlas. Observe that we always consider countable 
atlases. The connected components of A are called its leaves. An example of 
foliated measurable space is a foliated space with its Borel er-algebra and the leaf 
topology. According to this definition, the leaves are second countable connected 
manifolds but they may not be Hausdorff. 

A measurable subset T C A is called a generalized transversal if its intersection 
with each leaf is countable; these are slightly more general than the transversals of 
PQ, which are required to have discrete and closed intersection with each leaf. Let 
T(A) be the set of generalized transversals of A. This set is closed under countable 
unions and intersections, but it is not a cr-algebra. 

A measurable holonomy transformation is a measurable isomorphism 7 : T — > T', 
for T, T' 6 T{X), which maps each point to a point in the same leaf. A transverse 
invariant measure on A is a er-additive map A : T{X) — > [0, 00] which is invariant 
by measurable holonomy transformations. The classical definition of transverse in- 
variant measure in the context of foliated spaces is a measure on usual transversals 
invariant by usual holonomy transformations [3] . Both definitions are equivalent in 
the case of foliated measurable spaces induced by foliated spaces [4] . 

3. Case of a product foliated measurable space 

In this section, we take foliated measurable spaces of the form T x P, where T is 
a standard measurable space and P a connected, separable and Hausdorff manifold. 
Indeed, the results of this section hold when P is any Polish space. We assume that 
a new topology is given in this space as follows. All standard Borel spaces are Borel 
isomorphic to a finite set, Z or the interval [0, 1] (see [7, 8 ). Identify T x P with 
Z x P, [0, 1] X P or A X P (A finite), via a Borel isomorphism. We work with two 
topologies in T x P. On the one hand, the topology of the MT-structure is the 
product of discrete topology on T and the topology of P. On the other hand, the 
topology is the product of the topology of [0, 1], N or P with the topology of P; 
the term "open set" is used with this topology. The cr-algebra of the MT-structure 
on T x P is generated by these "open sets" . Let ir : T x P — > T be the first factor 
projection. 

Proposition 3.1 (R.Kallman [5]). If B C TxP is a Borel set such that Bn({t}xP) 
is a-compact for all t G T , then tt(B) is a Borel set. Moreover there exists a 
Borel subset B' C B such that #(B' n ({*} X P)) = 1 if B H ({*} x F) / f), and 
#(B' n ({t} x P)) = otherwise. 

For any measurable space (A, M , A) , the completion of M. with respect to A is 
the cr-algebra 

M A = {Z c X \ 3A,B e M, AcZ cB, K{B \ A) = } . 

The measure A extends in a natural way to A^a by defining A(Z) = A(A) = A(B) 
for Z, A, B as above. 
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Now, let A be a Borel measure on T. Define 

tt(P*, Ba) = {BcB* I tt(P n U) G B A V open U C T x P } , 

where P and B* are the Borel er-algebras of T and T x P, respectively. 

Proposition 3.2. 7r(B*,B A ) is closed under countable unions. 

Proof. This is obvious since, for any countable family {B n } C £>*, we obtain 
U„ B n G £* and 

for any open subset U C T x P. □ 

Remark 3.3. If A is c-finite (i.e., T is a countable union of Borel sets with finite 
A-measure), then it(B*,Ba) = B* : by Exercise 14.6 in [5J, any set in B* projects 
onto an analytic set, which is A-measurable since A is er-finite [3 Theorem 4.3.1]. 

Remark 3.4. If B g ir(B*, B\) and U is an open set, then Bnf/e tt(B*, Ba). By 
Proposition ^. 1[ ir(B* ,B\) contains the Borel sets with cr-compact intersection with 
the plaques {t} x P. 

Now, we want to extend A to all Borel sets satisfying the conditions of a measure. 
Let £>** denote the Borel tr-algebra oiTxPxTxP,w the natural projection 
TxPxTxP^TxT, and (6a x Ba) the tr-algebra generated by sets of the 
form A x B for A, B g Ba- 

Lemma 3.5. If B, B' g 7r(6*,6 A ), then B x B' g ^(6**, (B A x B A )). 

Proof. Since _B, S' G 6*, we have B x B' e B** . Observe that every open set 
U G T x P is a countable union of products of open sets. Write {/ = U^Li(^« x 
with U n and open subsets of T and P, respectively. Then 

Sr ((P x P') n 17) = ?r f(P x P') n Q (P„ x V n )\ 

/ oo \ oo 

= 5r [J ((P n u n ) x (p' n K)) = Q 7? ((P n P„) x (P' n v„)) 



Vn— 1 / n— 1 

■DC 



= (J (7r(B n P n ) x tt(p' n K)) , 

n=l 

which is in (Ba x Ba). □ 
Definition 3.6. For P G vr(P*,P A ), let 



A(P) = / # (P n ({0 x P)) dA(t) = / / Xsn({t}xP) ^) dA(t) , 

where ^ denotes the counting measure and xx the characteristic function of a subset 
X d{t}x P. 

Remark 3.7. A measure on T induces a transverse invariant measure on T x P. 
When P is a generalized transversal, A(P) is the value of this transverse invariant 
measure on P. Therefore Definition 13.61 defines an extension of this transverse 
invariant measure to a map A : tt(B* , Ba) — > [0, oo]. 
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Proposition 3.8. On B G tt(B* , £>a), A is well defined and satisfies the following 
properties: 

(a) A(0) = 0. 

(b) A(lJ ngN B n ) — 53n=i A(-B n ) for every countable family of disjoint sets B n G 
Tt{B*,B A ),n G N. 

Proof. A is well defined if and only if the function h : T — > R U {oo}, = 
#(P H ({£} x P)), is measurable with respect to the er-algebra B\ in T; i.e., if 
/j _1 ({n}) G £>a for all n G N. To prove this property, we proceed by induction on 
n. It is clear that = T \ ^C 8 ) belongs to B\ since P G ir(B*,B A ). Now, 

suppose G B\ for i G {0, ...,n — 1} and let us check that G £>a- 

Let 

C„ = { {(t,pi), (t,p 2 ), .-, (*,Pn+i)) I i e T, pi,...,p n+ i G P} , 

which is a closed in (T x P)™ +1 . Observe that C n is the set of (n + l)-uples in T x P 
that lie in the same plaque. We remark that C n is homeomorphic to At x P™ +1 , 
where Ay is the diagonal of the product T n+1 , and the projection 7Ty ■ Ay — > T, 
(t,...,t) i — y t is a homeomorphism. The measure A becomes a measure on Ay via 
7Ty. The intersection B n+1 n C n , denoted by P„, is the set of (n + l)-uples in B 
that lie in the same plaque. Let 

A„ = { ((t,pi), (t,p 2 ), (t,p n+1 )) G C n | 3i,j with i^= j&n&p l =Pj}, 

which is closed in C n . This set consists of the (n + l)-uples in each plaque such 
that two components are equal. The set D n \ A„ consists of the (n + l)-uples of 
different elements in B that lie in the same plaque. Therefore, 7ry ° TTA(D n \ A„) 
consists of the points ( £ T such that the corresponding plaque {t} x P contains 
more than n points of P, where 7ta : C n — >• Ay is the natural projection. 

Now, let us prove that TTA(D n \ A„) G 7t^ 1 (Sa) = tt t ~ 1 (B)a- By Lemma [3.51 
5? (P" +1 \ A„) G (#a +1 }, where 5r : (T x P)" +1 -> T n+1 is the natural projection. 
Therefore 

ir A (D n \ A„) = A r n? (P" +1 \ A„) G (B n A +1 )\ AT , 

where (£>a +1 )|a t denotes the restriction of the cx-algebra to Ay. We only 

have to prove that (P^ +1 )|a t C 7t^ 1 (Sa). For that purpose, we have to check that 
the generators Tikti Fk, with F k G B\, satisfy (Ofcii Pfe) n Ay G 7t t " 1 (Ba). For 
each k, take A*, Pfc G B with 4cFtC Pfc and A(B k \ A k ) = 0. Then 

/n+i \ /n+1 \ /n+1 \ 

[] A fc n A T g m F fc J n Ay c M] P fe n A T , 

\fe=l / \fe=l / \fc=l / 

and (rife=i Ak) H Ay and (ilfcii Bk) H Ay belong to 7r^ 1 (S) because 



(n+1 \ n+1 /n+1 \ n+1 

JjA fc nA T = f]^(A k ), JjB fc nA T = fj^T 1 ^)- 
fe=l / fe=l \fc=l / fe=l 
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Moreover 

a ( ( ( n^) nAT ) \ ( ( n^) nAT 

\k=l J / \ \k=l / / / 

/n+1 \ / /n+1 

A f| {K T \B k ) \ n T \A k )) = A U- 1 f| (B k \ A k ) 



'n+1 \ \ / /n+1 



\fc=l / \ \fe=l 

/n+1 



= A f)(B k \A k ))=0. 



This shows that TT&(D n \ A„) 6 7t t 1 (Sa) = 7t t 1 (S)a- By induction, we have 

/r x (n) = T\ ((^ T o^ A (Z?„\A„)U/ l - 1 ({0,...,n-l})) e8 A . 

Property (a) is obvious. To show property (b), observe that x\JB n — J2XB n , 
and then use the monotonous convergence theorem. □ 

Definition 3.9. If B € B* \ n(B*,B A ), then define A(B) = oo. 

Proposition 3.10. (T x P, B*, A) is a measure space and A extends A. 

Proof. We only have to prove that A(|J n i3„) = ^2 n A-(B n ) for every countable 
family of disjoint sets B n ,n € N, in B* . By Proposition 13 . 81 this holds if B n £ 
ir(B*,B A ) for all n £ N. If U„ B n e \ 7r(B*,i3 A ), then the above equality is 
obvious. So we only have to consider the case where some Bj £ B* \ ir(B* , £>a) and, 
however, \J n B n £ it(B*,Ba)- We can suppose Bj = B\, and let B = \J n B n . Let 

B° c = {teT\#(B(l({t}xP))=^}, 



which belongs to B\ by Proposition 13.81 The proof will be finished by checking 
that A(B°°) > 0. We have Bf C B°°, where 

Bf° = {te T I #(£?! n ({*} x P)) = oo} . 

Suppose A(B 00 ) = 0. Since B°° £ B A , there is some ^ £ B such that C A 
and A(A) = 0. The Borel set n- 1 (A) satisfies B x n 7r _1 (A) £ 7r(B*,B A ) since 
£ tt(Si n ir~ l {A) n f7) £ A and A (A) = for each open set U £ T x P. On the 
other hand, Pi \ tt~ 1 (A) is a Borel set meeting every plaque in a finite set, which 
is (T-compact, and therefore projects to a Borel set by Proposition 13.11 Hence 
B\ £ tt(B*,Ba) by Proposition 13.21 which is a contradiction. □ 

We have constructed an extension of each transverse invariant measure in a prod- 
uct foliated measurable space, but its uniqueness was not proved. This uniqueness 
is false in general. For instance, take the foliated product R x {*} and let A be the 
null measure on the singleton {*}; our extension A is the zero measure in the total 
space. Now, let /i be the measure defined by 

(i) fi{B) — for all countable set B; and 

(ii) fi(B) — oo for all uncountable Borel set B. 

This measure \x extends A too and is quite different from A. In order to solve this 
problem, we require some conditions to the extension. These conditions have the 
spirit of coherency with the concept of transverse invariant measures. We will prove 
that our extension is the unique coherent extension. 
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Definition 3.11. Let /x be an extension of a transverse invariant measure A on 
T x P. The measure /i is called a coherent extension of A if satisfies the following 
conditions: 

(a) IfP G B*,B <£ tt" 1 ^) for any 5 G £ with A(S) = 0, and#Pn{i}xP = oo 
for each plaque {t} x P which meets P, then /z(P) = oo. 

(b) If A(S) = for some S G B, then //(tt-^S)) = 0. 

(c) If P G 6* and A(5) = oo for all 5 G B with P C vr- 1 ^), then MO 8 ) = °°. 

Remark 3.12. Condition (a) determines /i on Borel sets with infinite points in 
plaques which are not contained in the saturation of a A- null set. Condition (b) 
means certain coherency between the support of A and the support of the extension 
fi. Condition (c) determines (i on any Borel set so that any Borel set containing its 
proyection has infinity A-measure. 

Proposition 3.13. A is the unique coherent extension. 

Proof. We prove that every coherent extension has the same values as A on B*. 
First, we consider the case B G tt(B* , B\). Let 

P°° = { t G T | #(P n ({t} x P)) = oo } . 

This set belongs to B\ by Proposition 13.81 Therefore there exist Borel sets A, C 
such that A C B°° C C and A(C \ A) = 0. Let P°° = P n The Borel 

set P \ B°° is a generalized transversal and hence /i(P \ P°°) = A(P \ P°°). On 
the other hand, if A(7r(P°°))) = 0, then A(C) = and /i(P°°) < /i(7r _1 (C7)) = 
by (b). If A(P°°)) > 0, let P°° = P n tt" 1 ^) and P'°° =Bnr 1 (C\ A). Then 
^(P°°) = oo by (a), and n(B'°°) = by (b). Therefore fi equals A on n{B*,B A ). 

The case P G B* \ tt(B*,Ba) is similar. The set P°° is not a Borel set in this 
case, but observe that (P n 7r _1 (P 00 )) ^ tt" 1 !^) witri < oo or we obtain 

tt(P n tt-^S 1 ) n P) G i3 A for all open set P C T x P by Remark since P n 
7r _1 (S) n P is a Borel set in S x P and A is finite in S. Hence P £ 7r(i3*,B A ) by 
Propositions 13.21 and 13.11 Therefore fi(B) — oo by (c). This proves that fj, and A 
agree on B* , as desired. □ 

4. The general case 
In this section, we prove the following theorem. 

Theorem 4.1. Let X be a foliated measurable space with a transverse invariant 
measure A. There exists a measure A on X that extends A. 

Let {Pi, <^i}igN be a foliated measurable atlas with fi(Ui) = Ti x R™, where Ti 
is a standard Borel space. It is clear that < y c~ 1 (Ti x {*}) is a generalized transversal 
and, via <fi, we obtain a Borel measure A$ on T^. Proposition 13.101 provides a 
measure Aj on P, « T, x R" that extends A». Moreover Proposition 13.11 gives 
Aj(T) = A(T) for all generalized transversal T C Ui- Let ^ : P, -> </?7 1 (Pi x {*}) 
denote the natural projections. 

We begin with a description of the change of foliated measurable charts. 

Theorem 4.2 (Kunugui, Novikov [7]). Let {Ki}neN a countable base of open 
sets for a Polish space P. Let B C T x P be a Borel set such that B n ({t} x P) is 
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an open set for all t £ T. Then there exists a sequence {S n }nGN of Borel subsets 
of T such that 

B = \J(B n x 14). 

n 

We take a countable base {V m }m6M of R™ by connected open sets. 

Lemma 4.3. Fori^j G N, there exists a sequence of Borel subsets o/Tj, {B m } m ^, 
and a sequence of open sets {W m }me^ such that ipi(Ui OUj) = {J m (B m x W m ) and 
tpj o(pT l {t,x) = (f ijm (t),9ij m (t,x)) for (t,x) G B m x W m , where each f ijm is a 
Borel isomorphism. 

Proof. We apply Theorem 14.21 to ifj(Ui (~l Uj) and obtain a family {B' m } m £?n such 
that <fij(Ui n C/j) = {J m (B' m x V^n). Now we apply Theorem 14. 2 1 to each set <fi o 
(pJ 1 (B' k x 14), e N. We obtain sequences -BJL n such that ifi o ipJ 1 (B k x Vfc) = 
Um^Ln x fc e N. The set ^ o (/^({t} x y m ), i G S^ m , is contained in 

only one plaque {*} x M" since each y m is connected. Therefore, tpj o (p~ l {t, x) — 
(fijkm(t),9ijkm(t,x)) for £ B' km x V^. We must show that f ijkm is one-to- 

one. If there exist t,t' G Tj with fijkm(t) = fijkm(t') = t", then (fa-femCO) x V m ) 
and gijfe m ({^'} x V m ) are connected open subsets of the plaque {t"} x 14 in x 14, 
but this plaque is the image by <pj o i^r of a connected open set since <pj and y>j 
are homeomorphisms. Hence this set is contained in a single plaque of Ui. This is 
a contradiction with the assumption t ^ t' . 

The functions fijkm are, obviously, measurable and they have measurable im- 
age by Proposition 13.11 hence the image is a standard Borel space. Since fijkn 
is a one-to-one measurable function between standard Borel spaces, it is a Borel 
isomorphism [TJ. The proof is completed by observing that the required sequence 
B m x W m is the bisequence B' k m x V m k,m £ N. □ 

Lemma 4.4. Let B be a Borel subset of Ui n Uj, i,j G N. T/ien 

Proof. By Lemma 14.31 there exists a countable family of measurable holonomy 
transformations from tp^ 1 ^ x {*}) to ipj 1 ^ x {*}) whose domains and ranges 
cover iTi(Ui n f/j) and 7Tj(C/j n fT}), respectively. Therefore, if A is a Borel set 
contained in Ui n JTj and 7Tj(A) is a Borel set, then 7Tj-(A) is a Borel set and 

A(ir t (A))=0^A(ir 3 (A))=0. 

a 

Lemma 4.5. A t (_B) = A,-(i?) for all Borel set B cUiDUj, i,j G N. 

Proof. We remark that Aj and Aj have the same values in generalized transversals 
of Ui n Uj. By Lemma POI we only consider Borel sets in tt^B* , B\). Suppose that 
iri(B) is a Borel set; otherwise, TVi(B) is A-measurable and we can choose a Borel 
set A C m(B) with A(m(B) \ A) = 0. We take the Borel set B = S n 7rr x (A). 
This Borel set projects onto the Borel set A and Ai(B \ B) = Aj(B \ B) = by 
Definition 1531 and Lemma l4~4l hence Ai(B) = A,-(S) and Aj(B) = Aj(S). Let 

fl* = {t6T( | #((fi(B) n ({£} x E™)) = fe} , fceNU{cx)}. 
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These are A-measurable sets by Proposition 13. 8[ and we assume that they are 
Borel sets by the same reason as above. Let B k denote B n 7rr ((p^(B k x {*})), 
which is a Borel set. It is obvious that (Ji=i B k is a generalized transversal, hence 
A*(Ur=i B k ) = AjiUZx B k )- Now consider 

Bf° = {x e B°° | #(Bni») = 1} , Z6NU{oc}, 

where denotes the plaque of C/j that contains x. The proof is finished in the 
case A(7Tj(-B^)) = (we can restrict to the case of a generalized transversal). If 
A(7Ti(5~)) > 0, then A(7Tj(B~)) > 0. Therefore we obviously obtain A t {B) = 
oo=Aj(B). □ 

Definition 4.6. Let B be a measurable set in X, and 

B x = B n C7i , B k = {BCi U k ) \ [B x U ... U B fc _ x ) , 
for k > 2. Define 

oo 

A(B)=J2MBi). 

2=1 

By Lemma 14.51 it is easy to prove that Definition 14.61 does not depend neither 
on the ordering of the charts nor on the choice of the countable foliated measurable 
atlas. It is also easy to prove that A extends A since both of them have the same 
values on generalized transversals contained in each chart and, hence, in every 
generalized transversal. Theorem 14. II is now established. 

Definition 4.7. Let fj, be an extension of a transverse invariant measure A on a 
foliated measurable space X. The measure [i is called a coherent extension of A 
if it is a coherent extension on each foliated measurable chart with the induced 
transverse invariant measure. 

Corollary 4.8. The extension A is the unique coherent extension of A. 

Theorem 11.11 gives a new interpretation of transverse invariant measures. It can 
be also used to introduce the following version of the concept of transversal for 
foliated measurable spaces with transverse invariant measures. 

Definition 4.9. Let AT be a foliated measurable space with a transverse invariant 
measure A. A Borel subset of X with finite A-measure is called a A- generalized 
transversal. 

Remark 4.10. In Section [31 we have only used that the plaques are Polish spaces. 
We can weaken the conditions of foliated measurable spaces taking charts with the 
form T x P, where P is any connected and locally connected Polish space. In this 
way our result can be extended to other interesting cases like measurable graphs [I] . 
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